ABSTRACT. Motivated by the S-duality conjecture of Vafa-Witten, TanakaThomas have developed a theory of Vafa-Witten invariants for projective surfaces using the moduli space of Higgs sheaves. Their definition and calculation prove the S-duality prediction of Vafa-Witten in many cases in the side of gauge group SU(r). In this survey paper for ICCM-2019 we review the S-duality conjecture in physics by Vafa-Witten and the definition of Vafa-Witten invariants for smooth projective surfaces and surface Deligne-Mumford stacks. We make a prediction that the Vafa-Witten invariants for Deligne-Mumford surfaces may give the generating series for the Langlands dual group L SU(r) = SU(r)/Z r . We survey a check for the projective plane P 2 .
In this paper we survey some results for the Tanaka-Thomas's Vafa-Witten invariants for projective surfaces [38] , [39] and two dimensional smooth DeligneMumford (DM) stacks (called surface DM stacks) in [16] . We provide evidences that the Vafa-Witten invariants of surface DM stacks may give candidates for the invariants in algebraic geometry for the Langlands dual group L SU(r) = SU(r)/Z r .
History of S-duality.
The motivation for the Vafa-Witten invariants from physics is the S-duality conjecture of N = 4 supersymmetric Yang-Mills theory on a real 4-manifold M [44] , where by physical duality theory Vafa and Witten [44] predicted that the generating (partition) function of the invariants of the moduli space of instantons on projective surfaces should be modular forms.
This theory involves coupling constants θ, g combined as follows
The S-duality predicts that the transformation τ Ñ´1 τ maps the partition function for gauge group G to the partition function with Langlands dual gauge group L G. Vafa-Witten consider a 4-manifold M underlying a smooth projective surface S over C and G = SU(r). The Langlands dual group L SU(r) = SU(r)/Z r . We make these transformations more precise following [44, §3] . From [44] , invariance under T is the assertion that physics is periodic in θ with period 2π, and S is equivalent at θ = 0 to the transformation
4π )´1 originally proposed by Montonen and Olive [32] . One can check that T(τ) = τ + 1, and S(τ) =´1 τ .
For a smooth projective surface S, let Z(τ, SU(r)) = Z(q, SU(r)) be the partition function which counts the invariants of instanton moduli spaces, where q = e 2πiτ . We let Z(τ, SU(r)/Z r ) be the partition function which counts the invariants of SU(r)/Z r -instanton moduli spaces. As pointed out in [44, §3] , when some vanishing theorem holds, the invariants count the Euler characteristic of instanton moduli spaces. We will see a mathematical meaning of this vanishing.
Then the S-duality conjecture of Vafa-Witten can be stated as follows: the transformation T acts on Z(q, SU(r)), and the S-transformation sends for some ω, where χ := χ(S) is the topological Euler number of S. Usually ω =´χ. This is Formula (3.18) in [44] . In mathematics we think Z(τ, SU(r)) = Z(q, SU(r)) as the partition function which counts the invariants of moduli space of vector bundles or Higgs bundles on S. Let η(q) = q 1 24 ź kě1 (1´q k )
be the Dedekind eta function. Let p
Z(τ, SU(r)) = η(q)´w¨Z(q, SU(r)),
and we will see that p Z(τ, SU(r)) is the partition function of the moduli space of Gieseker sable sheaves or stable Higgs sheaves. Then S-duality predicts:
which is coming from Formula (3.15) in [44] . The transformation T 4 acts on the SU(r)/Z r -theory to itself; and ST 4 S = 1 0 4 1 will map the SU(r)-theory to itself. Note that Γ 0 (4) = xT, ST 4 Sy is generated by T, ST 4 S. In the case of a spin manifold, we get the subgroup of SL(2, Z) generated by S and ST 2 S, which is the group
Therefore if the S-duality conjecture holds, the partition Z(τ, SU(r)) = Z(q, SU(r)) is a modular form with modular group Γ 0 (4) or Γ 0 (2) if M = S is a spin manifold. In [44, §4] , Vafa-Witten checked the S-duality for the cases K3 surface and P 2 , and gave a formula (5.38) of [44, §5] ) for general type surfaces. For P 2 , Vafa-Witten used the mathematical results of Klyachko and Yoshioka, and for K3 surfaces, they predicted the formula from physics.
In mathematics side people have studied the invariants for a long time using Donaldson invariants. In algebraic geometry the invariants are the Euler characteristic of the moduli space of Gieseker or slope stable coherent sheaves on S. This corresponds to the case in [44] such that the obstruction sheaves vanish. The blow-up formula of the Vafa-Witten invariants in this case was proved by LiQin in [29] .
But to the author's knowledge there are few theories or defining invariants in algebraic geometry for the Langlands dual group SU(r)/Z r . In the rank 2 case, the Langlands dual group SU(2)/Z 2 = SO (3) . There exists some theory for the SO(3)-Donaldson invariants for the surface S, see [23] , [7] , [33] .
Vafa-Witten invariants by Tanaka-Thomas.
In differential geometry solutions of the Vafa-Witten equation on a projective surface S are given by polystable Higgs bundles on the surface S, see [38] . The moduli space of Higgs bundles has a partial compactification by Gieseker semistable Higgs pairs (E, φ) on S, where E is a torsion free coherent sheaf with rank rk ą 0, and φ P Hom S (E, E b K S ) is a section called a Higgs field.
In [38] , [39] Tanaka and Thomas defined the Vafa-Witten invariants using the moduli space N of Gieseker semi-stable Higgs pairs (E, φ) on S with topological data (rk = rank(E), c 1 (E), c 2 (E)). We use rk to represent the rank of the torsion free sheaf E, and it will be the same as r when studying the invariants for the Langlands group SU(r)/Z r . By spectral theory, the moduli space N of Gieseker semi-stable Higgs pairs (E, φ) on S is isomorphic to the moduli space of Gieseker semi-stable torsion sheaves E φ on the total space X := Tot(K S ). If the semistability and stability coincide, the moduli space N admits a symmetric obstruction theory in [2] since X is a smooth Calabi-Yau threefold. There exists a dimension zero virtual fundamental cycle [N ] vir P H 0 (N ). The moduli space N is not compact, but it admits a C˚-action induced by the C˚-action on X by scaling the fibres of X Ñ S. The C˚-fixed locus N C˚i s compact, then from [4] , N C˚i nherits a perfect obstruction theory from N and one can define invariants using virtual localization.
But the obstruction sheaf in this case implies that this invariant is zero unless H 0,1 (S) = H 0,2 (S) = 0, and the reason is that the obstruction sheaf contains a trivial summand. The right invariants are defined by using the moduli space N K L of Higgs pairs with fixed determinant L P Pic(S) and trace-free φ. Tanaka-Thomas have carefully studied the deformation and obstruction theory of the Higgs pairs instead of using the deformation and obstruction theory for the corresponding torsion sheaves, and constructed a symmetric obstruction theory on N K L . The space N K L still admits a C˚-action, therefore inherits a perfect obstruction theory on the fixed locus. The Vafa-Witten invariants are defined as:
.
This corresponds to the SU(rk) gauge group. Tanaka-Thomas did explicit calculations for some surfaces of general type in [38, §8] and verified some part of Formula (5.38) in [44] . Since for such general type surfaces, the C˚-fixed loci contain components such that the Higgs fields are non-zero, there are really contributions from the threefolds to the Vafa-Witten invariants. This is the first time that the threefold contributions are made for the Vafa-Witten invariants. Some calculations and the refined version of the Vafa-Witten invariants have been studied in [41] , [31] , [8] , [26] . It is worth mentioning that in [39] , using the definition of Vafa-Witten invariants and also the semistable ones defined by JoyceSong pairs, Tanaka-Thomas calculate and prove the prediction of Vafa-Witten in [44, §4] for the K3 surfaces for the gauge group SU(r). We introduce another invariants using Behrend functions. In [2] , Behrend defined an integer valued constructible function ν N : N K L Ñ Z called the Behrend function. We can define [21] by taking the dual of the associated vector field v given by the C˚-action. The degenerate locus is the fixed locus
as proved in [12] , [13] . Tanaka-Thomas proved that in the case deg K S ă 0 and the case that S is a K3 surface, VW(S) = vw(S). They also prove their corresponding generalized Vafa-Witten invariants in [18] also agree, see [39] (1) . Choose a generating sheaf Ξ which is a locally free sheaf and relatively p-very ample, and for a coherent sheaf E on S, the modified Hilbert polynomial is defined by:
Then we can write down
The reduced Hilbert polynomial for pure sheaves, which is denoted by h Ξ (E); is the monic polynomial with rational coefficients
. Let E be a pure coherent sheaf, it is semistable if for every proper subsheaf F Ă E we have h Ξ (F) ď h Ξ (E) and it is stable if the same is true with a strict inequality. Then fixing a modified Hilbert polynomial H, the moduli stack of semistable coherent sheaves M := M Ξ H on S is constructed in [34] . If the stability and semistability coincide, the coarse moduli space M is a projective scheme.
The Higgs pair (E, φ) is semistable if for every proper φ-invariant subsheaf F Ă E we have h Ξ (F) ď h Ξ (E). Let N := N H be the moduli stack of stable Higgs pairs on S with modified Hilbert polynomial H. Let X := Tot(K S ) be the canonical line bundle of S, then X is a smooth Calabi-Yau threefold DM stack. By spectral theory again, the category of Higgs pairs on S is equivalent to the category of torsion sheaves E φ on X supporting on S Ă X . Let π : X Ñ S be the projection, then the bullback π˚Ξ is a generating sheaf for X . One can take a projectivization X = Proj(K S ' O S ), and consider the moduli space of stable torsion sheaves on X with modified Hilbert polynomial H. The open part that is supported on the zero section S is isomorphic to the moduli stack of stable Higgs pairs N on S with modified Hilbert polynomial H.
There is a symmetric perfect obstruction theory on the moduli space N K L of stable Higgs pairs (E, φ) with fixed determinant L and trace-free on φ, see [16] . We
Also we have the Behrend function in this case and the invariant vw
is the weighted Euler characteristic.
1.4. Calculations and checking S-duality. The moduli space N K L admits a C˚-action induced by the C˚-action on the total space X of the canonical line bundle K S . There are two type of C˚-fixed loci on N K L . The first one corresponds to the C˚-fixed Higgs pairs (E, φ) such that the Higgs fields φ = 0. Hence the fixed locus is just the moduli space M L (S) of stable torsion free sheaves E on S. This is called the Instanton Branch as in [38] . The second type corresponds to C˚-fixed Higgs pairs (E, φ) such that the Higgs fields φ ‰ 0. This case mostly happens when the surfaces S are general type, and this component is called the Monopole branch. See §2.4 for more details. In [16] , we calculate some invariants for the monopole branch of root stacks over a quintic surface Q Ă P 3 ; and quintic surface with ADE singularities; and we survey some results here.
We survey a check for the S-duality conjecture (1.1.1) and (1.1.2) in rank two for the projective plane P 2 based on the former calculation in [5] , which is a result in a general proposal to attack the S-duality conjecture in [17] .
1.5. Outline. This survey paper is outlined as follows. We review the Vafa-Witten invariants for a surface DM stack S in §2. In §3 we survey the calculations on the surface DM stacks, where in §3.1 we calculate the case of the r-th root stack S over a smooth quintic surface S; and in 3.2 we deal with the quintic surfaces with ADE singularities. Finally in §4 we check the S-duality conjecture for the projective plane P 2 and discuss a proposal to attack the general surfaces.
1.6. Convention. We work over C throughout of the paper. We use Roman letter E to represent a coherent sheaf on a projective DM stack or a surface DM stack S, and use curl latter E to represent the sheaves on the total space Tot(L) of a line bundle L over S. We reserve rk for the rank of the torsion free coherent sheaves E, and use r a (S, C) for the r-th root stack associated with the pair (S, C) for a smooth projective surface and C Ă S a smooth connected divisor.
We keep the convention in [44] to use SU(r)/Z r as the Langlands dual group of SU(r). When discussing the S-duality the rank rk = r. Let O S (1) be the very ample invertible sheaf on S, and Ξ a generating sheaf on S. We call the pair (Ξ, O S (1)) a polarization of S.
Let us define the Gieseker stability condition:
Definition 2.2. The modified Hilbert polynomial of a coherent sheaf F on S is defined as:
where 
Remark 2.3. (1) Let F be of dimension d, then we can write:
Definition 2.5. Let F be a pure coherent sheaf. We call F semistable if for every proper subsheaf
We call F stable if ď is replaced by ă in the above inequality.
Definition 2.6. We define the slope of F by
. Then F is semistable if 
Let us fix a polarization (Ξ, O S (1)) on S, and a modified Hilbert polynomial H. There exists a moduli stack M of semistable torsion free sheaves with Hilbert polynomial H and M is a global GIT quotient stack. The coarse moduli space M of M is is a projective scheme. Moreover, the stable locus M s Ă M is an open quasi-projective scheme. The Higgs sheaves on S is defined as follows. Let X := Tot(K S ) be the total space of the canonical line bundle K S on S. Since S is a smooth two dimensional DM stack, K S exists as a line bundle. The total space X is a Calabi-Yau threefold DM stack.
Let us fix a line bundle L on S. A L-Higgs pair on S is given by (E, φ), where E P Coh(S) is a torsion free coherent sheaf and
is a section. We have: 
where Coh c (S) is the category of compactly supported coherent sheaves on X .
The Gieseker stability on the Higgs pairs (E, φ) is similarly defined. Let us fix a generating sheaf Ξ on S. Then for any coherent sheaf E P Coh(S) we have the modified Hilbert polynomial h Ξ (E). 
There exists a moduli stack N := N H Ξ (S) parametrizing stable Higgs sheaves with modified Hilbert polynomial H. Then N is also represented by a GIT quotient stack with coarse moduli space a quasi-projective scheme.
Obstruction theory and the Vafa-Witten invariants.
Let π : X := Tot(L) Ñ S be the projection from the total space of the line bundle L to S. Then from the spectral theory a coherent sheaf E on X is equivalent to a π˚O X = À iě0 L´iη imodule, where η is the tautological section of π˚L.
From [38, §2.2], given a Higgs pair (E, φ), we have the torsion sheaf E φ of X supported on S. E φ is generated by its sections down on π and we have a natural surjective morphism
with kernel π˚(E b L´1) as in Proposition 2.11 of [38] . All the arguments in [38, Proposition 2.11] work for smooth DM stack S and X . The deformation of E on X is governed by ExtX (E , E ), while the Higgs pair (E, φ) is governed by the cohomology groups of the total complex
By some homological algebra proof as in [38, Proposition 2.14], we have the exact triangle:
Taking cohomology of (2.2.2) we get
hich relates the automorphisms, deformations and obstructions of E φ to those of (E, φ).
Let S Ñ B be a family of surface DM stacks S, i.e., a smooth projective morphism with the fibre surface DM stack, and let X Ñ B be the total space of the a line bundle L = K S /B . Let N H denote the moduli space of Gieseker stable Higgs pairs on the fibre of S Ñ B with fixed rank r ą 0 and Hilbert polynomial H (a fixed generating sheaf Ξ).
We pick a (twisted by the C˚-action) universal sheaf E over NˆB X . We use the same π to represent the projection
Since E is flat over N and π is affine, E := π˚E on NˆB S is flat over N . E is also coherent because it can be seen locally on N . Therefore it defines a classifying map: 
Let L = K S /B and taking the relative Serre dual of the above exact triangle we get 
where (´) 0 denotes the trace-free Homs. The RH om p X (E , E ) K is the co-cone of the middle column and it will provide the symmetric obstruction theory of the moduli space N K L of stable trace free fixed determinant Higgs pairs. From Proposition 2.10, in Appendix of [16] we review that the truncation τ [´1,0] RH om p X (E , E ) defines a symmetric perfect obstruction theory on the moduli space N . The total space X = Tot(K S ) Ñ S admits a C˚-action which has weight one on the fibres. The obstruction theory is naturally C˚-equivariant. From [4] , the C˚-fixed locus N C˚i nherits a perfect obstruction theory
y taking the fixed part. Therefore it induces a virtual fundamental cycle
The virtual normal bundle is given
which is the derived dual of the moving part of
We explain this a bit. Represent N vir as a 2-term complex [E 0 Ñ E 1 ] of locally free C˚-equivariant sheaves with non-zero weights and define 
which is referred as U(rk)-Vafa-Witten invariants.
Remark 2.12. We have
zero part with determinant L P Pic(S). Hence the obstruction sheaf in the obstruction theory (2.2.5) has a trivial summand H
, then tensoring with flat line bundle makes the obstruction theory invariant. Therefore the integrand is the pullback from N / Jac(S), which is a lower dimensional space, hence zero.
SU(rk) Vafa-Witten invariants. Let us now fix
Then moduli space N K L of stable Higgs sheaves (E, φ) with det(E) = L and tracefree φ P Hom(E, E b K S ) 0 admits a symmetric obstruction theory 
Since we work on surface DM stack S, it maybe better to fix the K-group class c P K 0 (S) such that the Hilbert polynomial of c is H.
is Vafa-Witten invariant corresponding to c. 
C˚-fixed
where t´1 represents the moving part of the C˚-action. Then the C˚-action induces a perfect obstruction theory
ere we assume r and s are the ranks of E´1 and E 0 respectively, and r´s is the virtual dimension of M L := M L,H . By the virtual dimension consideration, only t 0 coefficient contributes and we may let t = 1, so ż Proof. This is the same as Proposition 2.14.
Case II-Monopole Branch:
The second component M (2) corresponds to the Higgs fields φ ‰ 0. Let (E, φ) be a C˚-fixed stable Higgs pair. Since the C˚-fixed stable sheaves E φ are simple, we use [25, Proposition 4.4], [5] to make this stable sheaf C˚-equivariant. The cocycle condition in the C˚-equivariant definition for the Higgs pair (E, φ) corresponds to a C˚-action
With respect to the C˚-action on E, it splits into a direct sum of eigenvalue subsheaves
where E i is the weight space such that t has by t i , i.e., ψ t = diag(t i ). The action acts on the Higgs field with weight one by (2.4.2). Also for a Higgs pair (E, φ), if a C˚-action on E induces weight one action on φ, then it is a fixed point of the C˚-action.
Since the C˚-action on the canonical line bundle K S has weight´1, φ decreases the weights, and it maps the lowest weight torsion subsheaf to zero, hence zero by stability. So each E i is torsion free and have rank ą 0. Thus φ acts blockwise through morphisms
These are flags of torsion-free sheaves on S, see [38] .
In the case that E i has rank 1, they are twisted by line bundles, and φ i defining nesting of ideals. Then this is the nested Hilbert scheme on S. Also it is interesting to see when there exist rank 1 torsion free sheaves on a surface DM stacks. Very little is known of nested Hilbert schemes for surface DM stacks.
CALCULATION RESULTS
We survey some calculation results on two type of general type surface DM stacks, one is for a r-root stack over a smooth quintic surface, and the other is for quintic surface with ADE singularities. O S (1) ). Then we have the following topological invariants:
(S, C) be the root stack associated with the divisor C. One can take S = r a (S, C) as the r-th root stack associated with the line bundle O S (C). Let p : S Ñ S be the projection to its coarse moduli space S, and let
We still use p : C Ñ C to represent the projection and it is a µ r -gerbe over C. The canonical line bundle K S satisfies the formula
Recall that X = Tot(K S ), and X := Tot(K S ), and let π : X Ñ S; π : X Ñ S be the projection. We pick the generating sheaf "Ξ = ' r i=0 O S (iC The C˚acts on X by scaling the fibres of X Ñ S. Let (E, φ) be a C˚-fixed rank 2 Higgs pair with fixed determinant L = K S in the second component M (2) in §2.4.2. Then since all the E i have rank bigger than zero,
Without loss of generality, we may let E = E 0 ' E´1 since tensoring E by t´i E i goes to E 0 , where t is the standard one dimensional C˚-representation of weight one. Then considering φ as a weight zero element of Hom(E, E b K S ) b t, we have
and by semistability (Gieseker stable implies µ-semistable) we have
The existence of the nonzero map Φ : E 0 Ñ E´1 b K S implies:
Lemma 3.1. ([16, Lemma 4.2]) The inequality (3.1.2) implies that
The lemma implies that
for some ideal sheaves I i . The morphism I 0 Ñ I 1 is nonzero, so we must have: I 0 Ď I 1 . So there exist Z 1 Ď Z 0 two zero-dimensional subsheaves parametrized by I 0 Ď I 1 .
Components in terms of K-group class
Let K 0 (S) be the Grothendieck K-group of S, and we want to use Hilbert scheme on S parametrized by K-group classes. We fix the filtration
where F i K 0 (S) is the subgroup of K 0 (S) such that the support of the elements in F i K 0 (S) has dimension ď i. The orbifold Chern character morphism is defined by:
where HC R (S, Q) is the Chen-Ruan cohomology of S. The inertia stack
i=1 C i where each C i = C is the stacky divisor of S. We should understand that the inertia stack is indexed by the element g P µ r , S g -C is the component corresponding to g. It is clear that S 1 = S and S g = C if g ‰ 1. Let ζ P µ r be the generator of µ r . Then
, where C i corresponds to the element ζ i . The cohomology of H˚(C i ) is isomorphic to H˚(C). For any coherent sheaf E, the restriction of E to every C i has a µ r -action. We assume that
is the decomposition of eigen-subsheaves such that it acts by e 2πi f i1
E)) P H˚(S), and Ch(E|
In order to write down the generating function later. We introduce some notations. We roughly write
where Ă Ch g (E) is the component in H˚(S g ) as in (3.1.4). Then define:
The k is called the codegree in [5] . In our inertia stack S g is either the whole S, or C, therefore if we have a rank 2 C˚-fixed Higgs pair (E, φ) with fixed c 1 (E) =´c 1 (S), then Ă Ch g 2 (E) = 2, the rank; while
Also we have 
(c); and Hilb α,c 0´α (S)
is the nested Hilbert scheme of zero-dimensional substacks of S:
Several cases are calculated.
3.1.1. The case Z 1 = H. Therefore in this case
So the nested Hilbert scheme Hilb α,c 0´α (S) is just the Hilbert scheme Hilb c 0 (S) on S. One can study the deformation and obstruction theory in detail as in [16, §4.1.3] to calculate that the virtual fundamental class is given by:
The calculation of the virtual normal bundle N vir of M (2) is the same as in [38, §8.3] , which is given by the moving part of the obstruction theory:
at Z 0 P M (2) . Then we calculate the virtual normal bundle N vir by noting that
and N vir is:
Since C Ñ C is a µ r -gerbe, we can just write the Hilbert scheme C [c 0 ] as C [n] for some integer n P Z ě0 . So we calculate the virtual Euler class: 
For the µ r -gerby curve C Ñ C, we have ρ := Hilb n (C) ρ is a (µ r ) n -gerbe over the Hilbert scheme of n-points C [n] on C, and we denote by
the structure morphism.
We also have the following results of the line bundles on the Hilbert scheme of points on the gerby curve. 
From Proposition 3.3 and Proposition 3.4, one can use the calculation for the Hilbert scheme of points on C in [38, §8.4 ] to calculate the integral on the Hilbert scheme of points on the gerby curve C. Let us first review the tautological classes on C [n] for the smooth curve C. Let
where
is a smooth divisor given by Z Þ Ñ Z + x for a base point x P C, and PD represents the Poincare dual. The second one is given by the Abel-Jacobi map:
Since tensoring with power of O(x) makes the Pic n (C) isomorphic for all n, the pullback of the theta divisor from Pic g´1 (C) gives a cohomology class
Still let θ to denote its pullback AJ˚θ, so
which is the second tautological class. The basic property ([1, §I.5]) is:
Lemma 3.5. ([16]) We have
Thus we calculate Right side of (3.1.7) = (3.1.9)
Now we use (3.1.8) and Proposition 3.3 to get ż
Hence whenever we have
in the integrand involving only power of ω we can replace it by g i (r n ω) n´i . Therefore for α a power series of ω,
When we do the integration against C [n] , " becomes equality, and (3.1.9) is:
Writing the generating function.
Recall that for the C˚-fixed Higgs pair (E, φ),
is the decomposition under the g i -action into eigen-subsheaves. We calculate and denote by (3.1.11)
r .
Then we let (3.1.12)
r c 1 (E
).
We introduce variables q to keep track of the second Chern class c 2 (E) of the torsion free sheaf E, q 1 ,¨¨¨, q r´1 to keep track of the classes n i for i = 1,¨¨¨, r´1. Then we write
Remark 3.6. Since the moduli of stable Higgs pairs on S is isomorphic to the moduli space of parabolic Higgs pairs on (S, C), see [14] . We will see that the variables q 1 ,¨¨¨, q r´1 will keep track of the parabolic degree of the sheaf E on the curve C Ă S.
For simplicity, we deal with the case q 1 =¨¨¨= q r´1 = 1. So
Since C [n] has dimension n, the integrand in (3.1.13) only involves the power of ω, and ż
1 N vir (3.1.14)
Then we perform the same careful Contour integral calculations as in [38, §8.5] by using [37, §6.3] . We have the following result: Theorem 3.7. We have
3.2. Quintic surfaces with ADE singularities. Let S be a quintic surface with isolated ADE singularities. We take S as a surface DM stack. From [10] , the coarse moduli space of the DM stack S lies in the component of smooth quintic surfaces in the moduli space of general type surfaces with topological invariants in (3.1.1). This means that there exists a deformation family such that the smooth quintic surfaces can be deformed to quintic surfaces with ADE singularities. Let us fix a quintic surface S, with P 1 ,¨¨¨, P s P S the isolated singular points with ADE type. Let G 1 ,¨¨¨, G s be the local ADE finite group in SU (2) corresponding to P 1 ,¨¨¨, P s P S. We use the notation |G i | to represent the set of conjugacy classes for G i . Let X = Tot(K S ) be the total space of K S , which is a Calabi-Yau smooth DM stack. Choose a generating sheaf Ξ on S such that it contains all the irreducible representations of the local group G i of P i . Fix a Kgroup class c P K 0 (S) (determining a Hilbert polynomial H), and let N be the moduli space of stable Higgs pairs with K-group class c. We work on the VafaWitten invariants VW for the moduli space N K c of stable fixed determinant K S and trace-free Higgs pairs with K-group class c.
In this case we have a similar result as in Proposition 3.2. In the first case that Z 1 = H, we get the same result by deformation invariance of the Vafa-Witten invariants VW. We include the calculation for another cases here.
We calculate one vertical term as in [38] , and explain this time it will not give the same invariants as in the smooth case. This case is that (2) . So in this case Φ : I 0 Ñ I 1 is an isomorphism. Therefore
where Z Ă S is a zero dimensional substack with K-group class c 0 . We use the same arguments as in [38, §8.7] for the torsion sheaf E φ on X , which is the twist (3.2.1)
by π˚K S . Look at the following exact sequence:
we have
The second arrow is zero since the section O(2S) cutting out 2S Ă X annihilates F Z . So by adjunction and the formula π˚F
We calculate the perfect obstruction theory
which comes from taking trace-free parts of the first and last terms and we have Hom K = Ext 3 K = 0. We have:
The obstruction Ext 2
K is just the dual of the above tensored with t´1. The first term in (3.2.2) is T Z Hilb c 0 (S), the fixed part of the deformations. The last term Hom S (I Z , I Z b K S ) 0 t = 0 since I Z Ñ I Z is an isomorphism and taking tracefree we get zero. So the fixed part of the obstruction vanishes by duality. This tells us that
[Hilb
Then the virtual normal bundle is:
It is quite complicated to integrate to equivariant Chern class on Hilb c 0 (S), but we can do an easy case. Let (S, P) be a quintic surface with only a singular point P P S with A 1 -type singularity. By choosing a constant modified Hilbert polynomial 1 on S such that under the orbifold Chern character morphism:
the class 1 Þ Ñ (1, 1) where the second 1 means the trivial one dimensional µ 2 -representation. Then in this case the Hilbert scheme Hilb 1 (S) = pt which is a point. This can be seen as follows. Around the singular point P, there is an open affine neighborhood P P U Ă S such that
where ζ P µ 2 acts on C 2 by ζ¨(x, y) = (ζx, ζ´1y).
The Hilbert scheme of one point on P P U corresponds to invariant µ 2 -representation of length 1, which must be trivial. Then integration in this case must be: ż
Here is a degree two calculation. Let 2 be a constant modified Hilbert polynomial on S such that under the orbifold Chern character morphism:
the class 2 Þ Ñ (2, 2) where the second 2 means the regular two dimensional µ 2 -representation. Then in this case the Hilbert scheme Hilb 2 (S) = r S where σ : r S Ñ S is the crepant resolution of the coarse moduli space S of S. Then r S is still a smooth surface. Then the integration in this case can be written as:
Only the t 0 term contributes and we let t = 1, and get
We use the same formula for the Chern classes: 2 ).
Comparison with the Euler characteristic of the Hilbert scheme of points.
The generating function of the Hilbert schemes of points on S (a surface with finite ADE singularities P 1 ,¨¨¨, P s ) has been studied in [9] , [42] . We recall the formula for the surface S with A n singularities from [42] . Let P 1 ,¨¨¨, P s have singularity type A n 1 ,¨¨¨, A n s . Let S Ñ S be the map to its coarse moduli space and σ : r S Ñ S be the minimal resolution. Toda used wall crossing formula to calculate that
where η(q) = q 1 24 ś ně1 (1´q n ) is the Dedekind eta function, and
The series Θ n (q) is a Q-linear combination of the theta series determined by some integer valued positive definite quadratic forms on Z n and Θ n (q) is a modular form of weight n/2. So the generating series (3.2.5) is a Fourier development of a meromorphic modular form of weight´χ(S)/2 for some congruence subgroup in SL 2 (Z). So this implies that it should be related to the S-duality conjecture for such surface DM stacks S. But the Euler characteristic of Hilb n (S) is not the same as the contribution of it to the Vafa-Witten invariants VW(S), which is the integration over its virtual fundamental cycle.
If the surface DM stack S is a smooth projective surface S, the formula (3.2.5) is reduced to the Göttsche formula ÿ
EVIDENCE OF THE PROPOSAL FOR THE S-DUALITY
In this section we check the S-duality for the projective plane P 2 in rank two, which is proved in [17] ; and give predictions on other cases. We include an extra comparison with P(1, 2, 2), a 2-th root stack of P 2 which is not included in [17] .
The P 2 case is already discussed in [44, §4.2] , where they use the mathematical result of Klyachko and Yoshioka. We will see that the theory of counting invariants for the gauge group SU(2)/Z 2 = SO(3) are given by the invariants for the moduli space of semistable torsion free sheaves on the µ 2 -gerbes on P 2 . And the 2-th root stacks on P 2 also gives the formula predicted by the S-duality. 4.1. S-duality for P 2 .
4.1.1. The partition function for P 2 . We consider the projective plane P 2 . Let M P 2 (2, c 1 , χ) be the moduli space of stable torsion free sheaves of rank 2, first Chern class c 1 and second Chern class χ. Since K P 2 ă 0, any semistable Higgs sheaf (E, φ) will have φ = 0. Therefore the moduli space of stable Higgs sheaves N P 2 (2, c 1 , χ) is isomorphic to M P 2 (2, c 1 , χ) . Also the space M P 2 (2, c 1 , χ) is smooth and the Vafa-Witten invariants defined in (1.2.1) is just the Euler characteristic (up to a sign) of the moduli space. Then we introduce 
In the case c 1 is odd, by the work of D. Zagier [47] we see that Z vb,P 2 c 1 (q) is the holomorphic part of a modular form of weight 3/2 for Γ 0 (4) (up to replacing q by q´1 and up to an overall power of q in front). In the case c 1 is even one only obtains modularity after correctly adding strictly semistable sheaves to the moduli space. Their contribution turns out to cancel the sum of divisors term.
In order to compare with other partition functions later we introduce: 
4.1.2.
The partition function for P(1, 2, 2) and P(2, 2, 2). In [5] , the authors generalize the calculation of the moduli of stable torsion free sheaves on smooth toric variety to weighted projective spaces P(a, b, c), which is a special toric DM stack. The calculation uses and generalizes the toric method in [25] to this toric DM stack. We omit the detail calculation and only include the calculation results for P(1, 2, 2) and P(2, 2, 2). In general the weighted projective plane a, b, c) . In the case of P(2, 2, 2) which is a µ 2 -gerbe over P 2 , the partition function will depend on the choice of the component of the inertia stack IP(2, 2, 2) = P(2, 2, 2) Y P(2, 2, 2). We use λ = 0, or 1 to distinct these two components.
Let N P(1,2,2) (2, c 1 , χ) be the moduli space of stable vector bundles of rank 2, first Chern class c 1 and second Chern class χ. Let Now we list the results for P(2, 2, 2). In this case the first Chern class c 1 is always even. Let λ P t0, 1u index the component in the inertia stack IP(2, 2, 2) = P(2, 2, 2) Y P(2, 2, 2). Let N P(2,2,2) (2, c 1 , χ) be the moduli space of stable vector bundles of rank 2, first Chern class c 1 and second Chern class χ. Let From [47] , these functions are modular, but not holomorphic. Hence Z vb,P 2 c 1 (c 1 even or odd) is the homomorphic part of the non-holomorphic modular functions above. Also by Zagier, see [44, Formula (4.31) ], under τ Þ Ñ´1 τ , we have:
This is the transformation conjecture (1.1.1). We know that f 0 is invariant under T and f 1 is invariant under (q) = q 6 ř 8 n=1 3(H(4n)´1 2 σ 0 (n))q´n.
Then we check that under transformation τ Þ Ñ´1 τ , we have 
(q).
Under the S-transformation τ Þ Ñ´1 τ , we have:
Proof. This is Calculation (4.1.5). Then the S-duality holds based on the observation that the partition function Z (S) of µ r -gerbe S twisted Higgs sheaves on S. We review the gerbe twisted sheaves here following [30] . Let χ : µ r Ñ Cb e the character morphism. Let E be a torsion free sheaf, there is a natural gerbe action Eˆµ r Ñ E on E. From [30] , given an O S -module E, the module action m : C˚ˆE Ñ E yields an associated right action m 1 : EˆC˚Ñ E with m 1 (s, ϕ) = m(ϕ´1, s). This is always called the associated right action. 
